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Excitation of backward waves in forward wave amplifiers

G. S. Nusinovich, M. Walter, and J. Zhao
Institute for Plasma Research, University of Maryland, College Park, Maryland 20742-3511

~Received 15 May 1998!

The sources of coherent electromagnetic radiation based on amplification of traveling waves by electron
beams have unique capabilities of wide band, high efficiency operation. The most critical issue in the devel-
opment of such forward wave amplifiers is the self-excitation of parasitic backward waves in the interaction
region. The developed theory allows one to analyze the nonlinear effect of suppression of parasitic backward
waves by forward waves operating in the large-signal regime. The results of the analysis of traveling wave
tubes ~TWTs! and twystrons driven by linear electron beams and the results of the study of gyrodevices
~gyro-TWTs and gyrotwystrons! driven by beams of gyrating electrons are presented. The gyrodevices are
considered in the cases when the forward and backward waves are in resonance with electrons either at the first
or second cyclotron harmonic. The results obtained allow one to estimate to what extent the coupling of an
electron beam to the parasitic wave should be decreased in order to provide a stable, high efficiency amplifi-
cation of the forward wave.@S1063-651X~98!14011-4#

PACS number~s!: 52.75.Ms, 84.40.Ik, 84.40.Fe
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I. INTRODUCTION

Traveling wave amplifiers~TWAs! based on amplification
of electromagnetic~EM! waves by electron beams are
importance for many applications, including communicati
systems, since the bandwidth of TWAs is typically mu
larger than that of other sources of radiation. In order
combine this large bandwidth with a high gain in TWAs, it
necessary to have a long enough interaction region.

The main obstacle in realizing such large-bandwid
high-gain amplifiers is the excitation of parasitic backwa
waves in long waveguides where the forward waves are
plified. This problem is extremely important for the sourc
of coherent Cherenkov, or Smith-Purcell, EM radiati
driven by linear electron beams, e.g., traveling wave tu
~TWTs! and twystrons~see, e.g., Ref.@1#!, as well as for the
sources of bremsstrahlung radiation, which are driven
beams of oscillating electrons. The most advanced classe
such devices are cyclotron resonance masers~CRMs! @2# and
free electron lasers~FELs! @3#. Among traveling wave con-
figurations of CRMs, the best known are gyro-traveling wa
tubes~gyro-TWTs! and gyrotwystrons~see, e.g., Ref.@4#!.
Similar configurations are also known for FELs.

Several methods are usually used for providing the sta
ity of efficient operation in traveling waves. Some of the
methods can be characterized by introducing lossy mate
~see, e.g., Ref.@5#, and references therein! or severs, which
transform a single stage device into a two or more st
configuration ~see Ref.@6#, and references therein!. Note
that, as shown in Ref.@7#, distributed wall losses are a mor
effective means for suppressing parasitic instabilities t
severs.

Another method of preventing spurious excitation
backward waves is nonlinear suppression@8#, which is based
on the nonlinear effects in an electron beam caused by
presence of the forward wave.~The effect of nonlinear sup
pression of unwanted modes in gyrotron oscillators was a
lyzed in Refs.@9# and @10#.! Nonlinear interaction betwee
forward and parasitic backward waves was studied by dif
PRE 581063-651X/98/58~5!/6594~12!/$15.00
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ent methods in Refs.@11# and @6# for some specific sets o
parameters. The results of these simulations agreed well
experimental data. A more general approach based on
Hamiltonian formalism was developed in Ref.@12#. This for-
malism allows one to study the excitation of forward wav
and the stability of operation with respect to parasitic mod
in gyro-traveling wave devices driven by relativistic electr
beams when the waveguide and external magnetic field
files can be slightly tapered and the wave reflection from
output is possible. Based on this formalism the analysis
the relativistic 10 GHz, 430 kV, 240 A gyrotwystron wa
done. However, the large number of factors taken into
count did not allow the authors to analyze in Ref.@12# some
general tendencies in the suppression of backward wave
forward waves operating in the large signal regime. This
the topic of our paper.

The paper is organized as follows. Section II contains
formalism describing the excitation of small-amplitude bac
ward waves in the presence of large amplitude forw
waves in gyro-traveling-wave amplifiers. In the limiting ca
of dominant inertial orbital bunching of electrons, the
equations are reduced to equations describing the excita
of backward waves in TWTs driven by linear electro
beams.~Note that the same equations are valid for FELs a
other sources of coherent radiation that, under certain
sumptions, can be described by TWT equations@13#.! Sec-
tion III contains the results of our study of the simplest equ
tions in the case of two configurations: the first is a travel
wave configuration in which at the entrance an electron be
is not prebunched and the input forward wave has a small
nonzero amplitude; the second is an output waveguide
twystron in which at the entrance the prebunched elect
beam starts to excite a forward wave with a zero initial a
plitude. Section IV contains the results of similar analysis
self-excitation conditions of backward waves in gyro-TW
and gyrotwystrons, including the cases when backward
forward waves interact with electrons at either the fundam
tal or second cyclotron harmonic. The cases of simultane
interaction at different harmonics~e.g., the backward wave a
6594 © 1998 The American Physical Society
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PRE 58 6595EXCITATION OF BACKWARD WAVES IN FORWARD . . .
the fundamental harmonic and the forward wave at the s
ond harmonic, or vice versa! are also analyzed. Section
contains a discussion of these results, and in Sec. VI
make our conclusions. The derivation of equations desc
ing the excitation of backward waves in the presence of
ward waves is given in the Appendix.

II. GENERAL EQUATIONS

Bearing in mind that, as mentioned in the Introductio
the equations for gyro-TWAs can be reduced@14#, in the
regime of dominant orbital bunching, to the equations
TWAs driven by linear electron beams, we will start with
consideration of gyro-TWAs. Let us represent the elec
field of two waves as

E5Re$A1~z!E1~r'!ei ~v1t2k1,zz!1A2~z!E2~r'!ei ~v2t1k2,zz!%,
~1!

where A1 and A2 are the amplitudes of, respectively, th
forward and backward waves, which slowly vary along t
axis (udA/dzu!kzA) in the process of interaction with elec
trons, functionsE1(r') and E2(r') describe the transvers
structure of the waves, andv1,2 and k1,2,z are, respectively,
their frequencies and axial wave numbers. The equation
motion for a relativistic electron moving in the external co
stant magnetic field,H05H0z0 , and the electromagneti
field of two waves can be written as

dp8

dz8
1g0Fp8

pz8
3z0G52

1

bz
$E81@b3H8#%. ~2!

Here the electron momentum is normalized tom0c, p8
5p/m0c, z85V0z/c is the normalized axial coordinate~V0
is the unperturbed electron cyclotron frequency!, b is the
electron velocity normalized to the speed of light,c, and the
electric and magnetic fields~E8 andH8, respectively! of the
two waves are normalized tom0cV0 /e(A85eA/m0cV0).

A. Amplification of the forward wave

Since our goal is to study only the self-excitation of bac
ward waves, we will assume that the amplitude of the ba
ward waveA2 is much smaller than the amplitude of th
forward waveA1 . In the limiting caseA2→0 Eq.~2! and the
equation for the forward wave excitation, which follow
from the Maxwell equations, can be reduced, as descr
elsewhere@15–17#, to a self-consistent set of equations d
scribing the stationary operation of gyro-TWAs:

du

dz8
522

~12u!s1/2

12b1u
Re~F1e2 iu!, ~3!

du

dz8
5

1

12b1u
$m1u2D11s1~12u!~s1/2!21 Im~F1e2 iu!%,

~4!

dF1

dz8
52I 1

1

2p E
0

2p ~12u!s1/2

12b1u
eiudu0 . ~5!

Here the variable
c-

e
b-
r-

,

r

c

of

-
-

d
-

u52
12h1bz0

b'0
2

g02g

g0

describes the variation in electron energyE ~g5E/m0c2 is
the electron energy normalized to the rest energy andh1 is
the axial wave numberk1,z normalized tov1 /c!; the param-
eterb15h1b'0

2 /2bz0(12h1bz0) is responsible for the recoi
effect ~i.e., the changes in the electron axial velocity in t
process of radiation of electromagnetic waves!; F1 is the
normalized forward wave amplitude@15–17#, and

u5s1Q2~v1t2k1,zz!2w1 ~6!

is the slowly variable phase of the resonant harmonic of e
tron gyrations with respect to the phase of the forward wa
The cyclotron resonance condition for the forward wave h
the form

uv12k1,zvz02s1V0u!V0 ;

in Eqs. ~3!–~5! the resonant harmonic numbers as well as
other parameters are related to the forward wave. The ph
w1 in Eq. ~6! is determined by the transverse structure of
wave in the vicinity of the guiding center of a gyrating ele
tron. As shown in Ref.@18# ~see also Refs.@16# and @17#!,
this structure can be described by the function

L15F 1

k1,'
S ]

]X
1 i

]

]YD Gs1

C~X,Y!, ~7!

which we represented asuL1ueiw1. In Eq. ~7!, k1,' is the
transverse wave number,X andY are transverse coordinate
of the guiding center, the functionC is the membrane func
tion which obeys the Helmholtz equation with the corr
sponding boundary condition for the TEm,p wave at the
waveguide wall. In cylindrical waveguides L
5Jm7s1

(k1,'R0)e2 i (m2s1)c, where R0 and c are, respec-
tively, the radial and azimuthal coordinates of the guidi
center@so w152(m2s1)c#. Also in Eq. ~4!, the parameter

m15
s1~12h1

2!b'0
2

2bz0~12h1bz0!2 ~8!

describes the changes in the gyrophase with respect to
wave in the process of interaction and

D15
s1

12h1bz0

1

bz0
S 12h1bz02s1

V0

v1
D ~9!

is the normalized initial mismatch of the cyclotron res
nance. In Eq.~5! I 1 is the normalized beam current param
eter,

I 154
eIb

m0c3

~k1s1!2s1

h1

b
'0
2~s121!

g0bz0
2 ~12h1bz0!2s121

3F 1

~s121!!2s1G2

G, ~10!

where the coupling parameterG for a cylindrical waveguide
with a thin annular electron beam is equal to
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G5
Jm7s1

2 ~k1'R0!

~n22m2!Jm
2 ~n!

. ~11!

Here, n5k1'Rw is the pth root of the equationJm8 (n)50,
which is the boundary condition for the TEm,p wave at the
waveguide wall of radiusRw ; k in Eq. ~10! is the transverse
wave number normalized tov/c.

Boundary conditions for Eqs.~3!–~5! depend on the con
figuration of the device. At the entrance to the gyro-TWT
interaction region, atz850, u50, u5u0 ~whereu0 is homo-
geneously distributed from 0 to 2p! andF5F0 ~whereF0 is
the input wave amplitude!. At the entrance to the outpu
waveguide of the gyrotwystron, the energy modulation c
be negligibly small (u.0), but the phase bunching is sig
nificant: u(0)5u02q sinu0. The latter boundary condition
is given for the simplest, one-cavity prebunching case;u0 is
here the entrance phase for the input cavity and the bunc
parameterq is proportional to the amplitude of the inpu
cavity field multiplied by the drift section length.~Boundary
conditions for more complicated schemes are given e
where @19#.! This prebunched electron beam excites in
output waveguide a wave with a zero amplitude at the
trance:F(0)50. ~The latter implies the absence of refle
tions from a well matched output of this waveguide.!

B. Excitation of backward waves

As mentioned above, we will assume that the amplitu
of the parasitic backward wave is much smaller than
amplitude of the operating forward wave. This allows us
treat the effect of the backward wave on electrons as sm
perturbations in electron motion. Under these assumpt
the excitation of backward waves in gyro-TWAs, as sho
in the Appendix, can be described by the following equ
tions:

dp̄'

dz8
5

1

2
~12u!~s221!/2F28e

2 iu% , ~12!

dū

dz8
522s2~12u!1/2p̄'2 i

s2

2
~12u!~s2/2!21F28e

2 iu% ,

~13!

dF28

dz8
2 iD28F285I 28

1

2p E
0

2p

~12u!s2/2eiu%

3H s2

A12u
p'1 i ūJ du0 . ~14!

These equations are valid when both the forward and ba
ward waves are excited at frequencies close to cutoff.~They
are given in a more general form in the Appendix.! Here the
normalized axial coordinate isz85(b'0

2 /2bz0)z8,

D285
2bz0

b'0
2 D25

2s2

b'0
2 S 11h2bz02s2

V0

v2
D .

Variablesp' and ū in Eqs. ~12!–~14! are perturbations in
respectively, the orbital momentum and gyrophase, avera
over the phase differencec̄. In the case when azimutha
n

ng

e-
e
-

e
e

ll
ns
n
-

k-

ed

indices of both waves,m1 andm2 , obey the condition@20#
s1m2Þs2m1 , this corresponds to the averaging over electr
distribution in azimuthal coordinates of guiding centers~see
Appendix for details!. The phaseu% in Eqs.~12!–~14! relates
to the phaseu determined by Eq.~4! as

u% 5
s2

s1
~u1D1z8!.

So, the equation foru% can be written as

du%

dz8
5s2u1s2~12u!~s1/2!21 Im~F18e

2 iu1!, ~15!

where

u15u1D18z8, F185
2bz0

b'0
2 F1eiD18z8,

D185
2bz0

b'0
2 D15

2s1

b'0
2 S 12h1bz02s1

V0

v1
D .

The self-consistent set of equations~3!–~5! describing the
forward interaction can be rewritten in these variables as

du

dz8
522~12u!s1/2 Re~F18e

2 iu1!, ~16!

du1

dz8
5s1u1s1~12u!~s1/2!21 Im~F18e

2 iu1!, ~17!

dF18

dz8
2 iD18F1852I 18

1

2p E
0

2p

~12u!s1/2eiu1du0 . ~18!

Here,

I 185S 2bz0

b'0
D 2

I 1 .

The parameterI 28 in Eq. ~14! relates toI 2 determined by
Eq. ~10!, after corresponding changes in indices, in the sa
way asI 18 relates toI 1 .

The self-consistent set of equations~16!–~18! has the in-
tegral

uF18u
22uF08u

25I 18
1

2p E
0

2p

udu0 , ~19!

which corresponds to the energy conservation law. Tak
into account the definition ofu, one can show that the valu

h'5
1

2p E
0

2p

udu0 ~20!

in the right-hand side of Eq.~19!, which is known as the
orbital efficiency ~see, e.g., Refs.@14–17#!, relates to the
total electron efficiencyh as

h5
b'0

2

2~12g0
21!~12h1bz0!

h' . ~21!
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So, Eq.~19! can be rewritten as

uF18u
22uF08u

25I 18h' , ~22!

where the input wave amplitudeF08 in gyrotwystrons is equa
to zero and in high-gain gyro-TWTs is negligibly small.

So, first, Eqs.~16!–~18!, describing the large-signal for
ward wave interaction, should be solved together with
~15!, which determines the phaseu% present in Eqs.~12!–
~14!, and with Eq. ~20!, which determines the efficiency
Then, this solution should be used in Eqs.~12!–~14!, de-
scribing the excitation of the backward wave in the sma
signal regime.

In the absence of the forward wave in Eqs.~12!–~14!, u

50 andu% 5u% (0)2D28z8. So, introducingF̂25F28e
iD28z8, p̂

5(1/2p)*0
2pp̄eiu0du0 , u5(1/2p)*0

2pūeiu0du0 ~assuming a
nonprebunched beam at the entrance! we can reduce Eqs
~12!–~14! to

dp̂

dz8
5

1

2
F̂,

dû

dz8
52

s2

2
~ p̂1 i F̂ !,

dF̂

dz8
2 iD28F̂5I 28~s2p̂1 i û !.

For perturbations;eidz8, these equations yield the dispe
sion equation~cf. Refs.@14# and @15#!

~d2D28!d21Id2I 50, ~23!

in which I 5s2I 28 . At small values ofI one can introduced̂
5d/I 1/3, D̂5D28/I

1/3, and, neglecting small terms, reduce E
~23! to the dispersion equation

~ d̂2D̂!d̂22150, ~24!

well known in the theory of conventional backward oscill
tors @21#. As is known, the starting conditions, which follow
from solving Eq.~24! together with the boundary condition
for a nonprebunched beam at the entrance and for the b
ward wave at the well-matched output@the latter isF̂(L)
50, whereL5I 1/3zout8 is the normalized length of the inter
action region#, yield L51.97 andd̂51.522. Note that for a
waveguide with Ohmic losses in the walls, the axial wa
numberh2 in the detuningD̂ is complex; also any tapering o
the waveguide radius and losses can be described by
corresponding dependence ofD̂ on the axial coordinate.

C. Dominant inertial bunching

The regime of the dominant inertial orbital bunching me
tioned in the Introduction implies a small value of the no
malized beam current parameterI 1 when the wave amplitude
is small and efficient orbital electron bunching under t
action of this wave requires a long interaction region. In t
regime the changes in electron energy are small since we
estimate them, as follows from Eq.~3!, as uuu;F1z8!1.
.

-

.

ck-

e

he

-

s
an

However, the phase bunching caused by these changes
be large, since the first term in the right-hand side of Eq.~4!
leads to the phase changes on the order ofmF1(z8)2;p. So,
in comparison with this term, the last term in the right-ha
side of Eq.~4!, which is on the order ofF1z8, can be ne-
glected. In this approximation, Eqs.~3!–~5! are reduced to

du

dz8
522 Re~F1e2 iu!, ~25!

du

dz8
5m1u2D1 , ~26!

dF1

dz8
52I 1

1

2p E
0

2p

eiudu0 . ~27!

After introducing z5(I 1m1)1/3z8, j5D1 /(I 1m1)1/3, ū5u
1jz, andF5@2m1 /(I 1m1)2/3#F1ei jz, Eqs.~25!–~27! yield

d2ū

dz2 52Re~Fe2 i ū !, ~28!

dF

dz
2 i jF52

1

p E
0

2p

ei ūdu0 , ~29!

which is the simplest form of equations describing a on
dimensional, ‘‘rigid-disk’’ model of the conventional TWT
with negligibly small space charge forces@22#. As follows
from normalization of the variables in Eqs.~28! and~29!, the
factor (I 1m1)1/3 here plays the role of the Pierce gain para
eter known in the theory of TWTs@23#. The boundary con-
ditions for Eqs.~28! and ~29! in the case of the TWT areu
5u0 , (du/dz)50, F5F0 and, in the case of the twystron
u5u02q sinu0, (du/dz)50, F50.

Equations~28! and ~29!, as well as Eqs.~16!–~18!, have
the integral

4
d^u&
dz

5uFu22uF0u2, ~30!

which can be interpreted as the energy conservation l
In Eq. ~30!, ^u&5(1/2p)*0

2pūdu0 and at the entrance
(d^u&/dz)u050. Again, introducing the normalized effi
ciency describing the electron bunching as

ĥ5
d^u&
dz

, ~31!

one can rewrite Eq.~30! as

uFu22uF0u254ĥ, ~32!

where the input wave intensityuF0u2 can usually be ignored
As follows from Eqs.~20!, ~26!, and ~31!, the normalized
efficiency ĥ relates to the orbital efficiencyh' as

ĥ5
m1

~ I 1m1!1/3 h' . ~33!
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So, at small values ofI 1 , the orbital h' and the totalh
electron efficiencies are small, even when the bunching
scribed byĥ is efficient.

Equations~12!–~14!, describing the excitation of back
ward waves in the regime of the dominant inertial bunchi
can be reduced in the same way as was done with Eqs.~3!–
~5!, describing the forward wave interaction, to

d2ū

dz2 52F29e
2 iu% , ~34!

dF29

dz
2 i j2F295 iR

1

2p E
0

2p

eiu% ūdu0 , ~35!

where

F295
s2

~s1I 1!2/3 F28e
i j2z,

u% 5
s2

s1
ū

@here,j25D2 /(I 1m1)1/3#, and where

R5
s2I 28

s1I 18
5

s2I 2

s1I 1

is the ratio of normalized current parameters, which is p
portional to the ratio of coupling parametersG of electrons
to both waves@see Eqs.~10! and ~11!#. For linear beam de-
vices, this is the ratio of Pierce gain parameters:R
5C2

3/C1
3.

III. EXCITATION OF BACKWARD WAVES IN LINEAR
BEAM DEVICES

In this section, we present the results of the study of E
~28!, ~29!, and ~31! describing the amplification of the for
ward wave and Eqs.~34! and ~35! describing the excitation
of backward waves in the presence of the forward wave
linear beam devices and in gyrodevices with dominant in
tial bunching. For the TWT in Fig. 1~a!, the contours of the
equal normalized efficiency determined by Eq.~31! are
shown by dashed lines in the plane of the parameters ‘‘n
malized length versus input wave amplitude.’’ The detun
j is taken here to equal 1.5. At this value ofj the normalized
efficiencyĥ is a little smaller than that for the optimal valu
(jopt51.8), however, the distance at which the peak e
ciency is realized is much shorter. So, we choose this va
of j since the stability of operation greatly improves as
interaction length shortens. Solid lines in this figure cor
spond to the starting length for backward wave excitat
calculated for different ratios of the Pierce gain parame
R. As seen from Fig. 1~a!, as this ratio decreases, the ef
ciency of stable amplification of the forward wave increas
drastically. In Fig. 1~b!, corresponding detuningsj2 as func-
tions of the input wave amplitude are shown for differe
R’s. The fact that the starting length for backward wave
cillations grows as the input wave amplitude increases d
onstrates the nonlinear effect of suppression of these osc
tions by the forward wave. A rapid increase in this leng
e-
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in
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e

e
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t
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-

la-

occurring when solid curves pass the top of the hill form
by lines of equal efficiencies corresponds to the deforma
of the axial structure of the backward wave. This evoluti
of the axial structure is shown in Fig. 2 and can be associa
with electron overbunching in the field of the traveling wav
which occurs at too long distances. Coming back to F
1~b!, let us note, first, that the detuningj2 determines the
frequency of the backward wave, and second, that this
tuning strongly depends on the ratio of Pierce gain para
eters,R, and also on the input wave amplitude. In the a
sence of the forward wave, the starting length and
detuning j2 for the backward wave coincide with thos
found in Ref.@21#.

FIG. 1. ~a! Contours of normalized efficiency of the forwar
wave operation in the TWT~dotted lines! and the starting length o
backward wave excitation for different values of the ratio of Pie
gain parameters for the backward and forward waves,R ~solid
lines!. ~b! Normalized detuning of the backward wavej2 in the
TWT as a function of the input amplitude of the forward wav
dashed, solid, and dotted lines correspond toR51.0, 0.25, and 0.1,
respectively.

FIG. 2. Evolution of the backward wave axial structure with t
increase in the input amplitude of the forward wave: dashed
solid lines correspond toF050.2 and 0.25, respectively;R50.1.
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For the twystron configuration the starting length f
backward wave excitation is shown for several values ofR in
the plane of ‘‘normalized length versus bunching para
eters’’ in Fig. 3~a!, where also the contours of equal norma
ized efficiencies are shown by dashed lines. The detuningj2
as functions of the bunching parameters are shown in
3~b!. These figures are very similar qualitatively to Figs. 1~a!
and 1~b!; however, quantitatively, they are different: as fo
lows from their comparison, the suppression effect in t
ystrons is better pronounced since the forward-wave, h
efficiency operation can be realized at larger values ofR.

IV. EXCITATION OF BACKWARD WAVES
IN GYRODEVICES

In this section, we present results of our studies of gy
TWTs and gyrotwystrons. Recall that the forward wave o
eration of these devices is described by Eqs.~16!–~18! and
~20! with corresponding boundary conditions, and the ba
ward wave excitation is described by Eqs.~12!–~14!.

The gyro-TWT was studied for a fixed value of the no
malized beam current parameterI 1850.05, which is typical
for some experimental conditions. The operation in forwa
waves and excitation of backward waves at the first and
ond cyclotron harmonics were studied. Figures 4~a!, 4~b!,
and 4~c! illustrate the cases of, respectively,s15s251; s1
51, s252; and s152, s251. For each value of the inpu
wave amplitudeF0 the mismatchD18 providing the maxi-
mum efficiency was chosen. Contours of equal values of
orbital efficiencyh' are shown in these figures by dotte
lines and the solid lines show starting conditions for ba
ward waves at different values of the ratio of normaliz
beam current parametersI 28/I 18 .

FIG. 3. ~a! Contours of normalized efficiency of the forwar
wave operation in the twystron~dotted lines! and the starting length
of backward wave excitation for different values ofR ~solid lines!.
~b! Normalized detuning of the backward wavej2 in the twystron
as a function of the bunching parameterq for several values ofR.
-

g.

-
h-

-
-

-

d
c-

e

-

As follows from Fig. 4~a!, to realize operation with the
maximum efficiency when both competing waves are in
fundamental cyclotron resonance with electrons one sho
have a ratio of normalized currents about 1/4 or less.
larger ratios the maximum orbital efficiency~above 80%!
cannot be realized; however, for any fixed value of the in
wave amplitude in the range 0.04,F0<0.08, the decrease in
the ratio I 28/I 18 gives a significant enhancement in the ef
ciency. When the forward wave is at the fundamental re
nance with electrons while the backward wave is reson
with the second cyclotron harmonic@Fig. 4~b!#, the maxi-
mum efficiency can be realized when the ratio of the norm
ized currents is about 1/3 or less. Again, at larger ratios
increase in the achievable efficiency with the decrease in
I 28/I 18 ratio is very impressive, especially when this ratio
smaller than 1/2. The forward wave operation at the sec
harmonic, as follows from Fig. 4~c!, is less efficient: the
maximum orbital efficiency is higher than 60%. This max
mum efficiency can be realized when for the compet
backward waves, which can be excited at the fundame

FIG. 4. ~a! Contours of orbital efficiency of the forward wav
operation in the gyro-TWT~dotted lines! and the starting length o
backward wave excitation for different values of the ratio of no
malized current parameters for these waves and for the waves
teraction with electrons at different cyclotron harmonics:~a! s1

5s251, ~b! s151, s252, and~c! s152, s251.
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resonance, the ratio of the normalized currentsI 28/I 18 is about
1/4 or less.

The detuningsD28 , which correspond to the backwar
wave self-excitation conditions, are shown in Figs. 5~a!,
5~b!, and 5~c!, again corresponding, respectively, to the ca
of s15s251, s151; s252; ands152, s251.

Results of the study of gyrotwystrons are shown in Figs
and 7, where the role of the input wave amplitudeF0 ~for the
gyro-TWT! is played now by the bunching parameterq.
Here, the figures~a!, ~b!, and ~c! again correspond, respec
tively, to the cases ofs15s251; s151, s252; ands152,
s251. The lowest peak in the orbital efficiency of the gyro
wystron operating at the fundamental and/or second cy
tron harmonic exceeds, respectively, 65% and 45%. In
case of operation at the fundamental harmonic this efficie
can be realized when the ratio of normalized currents is
than or equal to one, no matter whether the backward w
resonates at the first or second harmonic. In the case o
forward wave operation at the second harmonic, this ratio
the parasite at the fundamental should be smaller than

FIG. 5. Normalized detuning of the backward wave,D28 , in the
gyro-TWT as a function of the input amplitude of the forward wa
for several values of the ratioI 28/I 18 and for the waves’ interaction a
different harmonics:~a! s15s251, ~b! s151, s252, and ~c! s1

52, s251.
s

6

o-
e
y

ss
ve
he
r
p-

proximately 3/4. These numbers, being compared with c
responding data shown above in Fig. 4, demonstrate tha
gyrotwystron is less susceptible to excitation of paras
backwards waves than the gyro-TWT. This feature of
gyrotwystron can be explained by the fact that at the
trance to the output waveguide of this device the beam
be well prebunched, while in the gyro-TWT, near the e
trance, the effect of the small amplitude forward wave on
electron bunching can be rather weak, which cannot prev
the self-excitation of backward waves.~This explanation is
also valid for the TWTs and twystrons considered in S
III. ! The detuningsD28 shown as the functions of the bunch
ing parameterq in Fig. 7 also exhibit the dependence, whic
in some cases is opposite to that shown in Fig. 5 for
gyro-TWT.

V. DISCUSSION

Let us briefly discuss how the results obtained can
applied to concrete microwave sources. Let us start fr
linear beam devices as a simpler case. The self-excita
conditions of parasitic backward waves here are determi

FIG. 6. Contours of orbital efficiency of the forward wave in
teraction in the gyrotwystron~dotted lines! and the starting length
of backward wave excitation for several values of the ratioI 28/I 18 :
~a! s15s251, ~b! s151, s252, and~c! s152, s251.
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by the ratio of Pierce gain parameters

R5C2
3/C1

35K2 /K1 ,

whereK1 andK2 are the coupling impedances of an electr
beam to the forward and backward waves, respectively.
troducing the functionsC(r ) andF1,2(r ) for describing, re-
spectively, the transverse structure of the beam current
sity and transverse structures of the forward (F1) and
backward (F2) waves, one can readily derive~cf. Refs.@22,
23#! that the ratioK2 /K1 is proportional to

k1,z

k2,z

S E Sb
CF2ds' D 2

S E Sb
CF1ds' D 2 , ~36!

where Sb is the beam cross section. So, by choosing
radial profile of the beam properly, one can decrease
ratio when the waves have different transverse structu
Axial wave numbers in Eq.~36! can be defined in a zer
order approximation by intersection of the electron beam
persion linev5kzvz with the dispersion curves of some sp
cific waves in a given slow wave structure. In the first ord

FIG. 7. Normalized detuning of the backward wave,D28 , in the
gyrotwystron as a function of the bunching parameter:~a! s15s2

51, ~b! s151, s252, and~c! s152, s251.
-

n-

e
is
s.

-

r

approximation, one should use instead ofv5kzvz the values
j andj2 found above, which characterize the detunings fro
the exact synchronism between electrons and the waves
call that for a forward wave operating in the regime of co
vective instability the frequency is given by the driver, so t
detuningj determines the axial wave numberk1,z . On the
contrary, for a backward wave excited due to the abso
instability the detuningj2 determines the frequency of osci
lations; a corresponding axial wave number should be fo
from the dispersion curve.

In the case of gyrodevices, the competing waves can b
cyclotron resonance with electrons at different cyclotron h
monics. Consider, as an example, the experiment descr
in Ref. @8# where the competition between the forward TE11

wave operating at the fundamental cyclotron resonance
parasitic backward TE21 wave excited at the second cyclo
tron harmonic was studied. Recall that in this experiment
electron beam with an orbital to axial velocity ratioa.1,
voltage of up to 95 kV and current of up to 2A amplified the
circularly polarized TE11 wave in a waveguide with a 0.265
cm radius and 17.5 cm length. A 34.712-GHz frequency
operation was set by a fixed frequency magnetron driver
the input power was varied from 5 W to about 1.5 kW. The
external magnetic field was in the range of 12.5 kG. T
parasitic oscillations were observed at about 56.8 GHz
were associated with the backward wave excitation of
TE21 wave at the second cyclotron harmonic.

These frequencies and the waveguide radius mentio
above yield normalized axial wave numbers of about 0.3 a
0.25 for the first and second waves, respectively. The n
malized length of the interaction region is slightly above
and the normalized detuningD18 for a given magnetic field is
equal to 0.49, which is close to the optimal values found
our and previous calculations@15–17#. To determine normal-
ized beam current parametersI 18 and I 28 , it was necessary to
assume a certain guiding center radius of electrons since
radius was not specified in Ref.@8#. We assumedR0

51 mm, which yielded for the coupling parameters det
mined by Eq.~11!, G11.0.96 andG21.0.4 for the TE11 and
TE21 waves, respectively. The ratioR of normalized current
parameters for this beam radius is close to 0.18. The norm
ized current parameter of the operating TE11 wave, I 18 , for
the maximum current is equal to 0.062, but in a typical ran
of voltages~near 90 kV! and currents~about 1 A!, I 18 is in the
range of 0.02–0.04.~Recall that the results shown in Fig.
correspond toI 1850.05.! The initial value of the normalized
wave amplitude, as follows from the expressions given e
where @24#, for a drive power of 5 W to 1.5 kW is in the
range of 0.0015 to 0.027.

So, the result, which is the closest to the experimen
data given in Ref.@8#, is the curve shown in Fig. 4~b! for
R50.25, which demonstrates a significant suppression of
parasitic wave when the normalized input amplitude of
operating wave exceeds 0.03. It is obvious that at smallerR’s
this effect should appear at smallerF0’s. Therefore, the ex-
perimental evidence of the suppression of parasitic wa
with R50.18 at the drive power exceeding 1 kW~which
corresponds toF0<0.02! looks consistent with the results o
our calculations.
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VI. CONCLUSION

The theory is developed that allows one to study the s
excitation conditions of backward waves in forward-wa
amplifiers operating in a large signal regime. Such device
traveling wave tubes and twystrons driven either by lin
electron beams or the beams of gyrating electrons are
sidered. The effect of nonlinear suppression of paras
backward waves by forward waves operating in the la
signal regime is demonstrated. The formalism developed
the results obtained can be applied to a wide class of forw
wave amplifiers.

The goal of the present paper was to develop a gen
formalism that allows one to study the problem of sta
operation in forward-wave amplifiers and to illustrate th
theory by a number of simple examples. The formalism c
easily be generalized further for including the effects of el
tron velocity spread, distributed wall losses, and other fac
important for operation of real devices.
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APPENDIX: DERIVATION OF EQUATIONS DESCRIBING
THE EXCITATION OF BACKWARD WAVES IN THE
PRESENCE OF FORWARD WAVES IN GYRO-TWAs

The external magnetic fieldH0 required for the cyclotron
resonance is usually much larger than electromagnetic~EM!
fields generated by electron beams. Therefore, the effec
EM fields on electron motion can be treated as a small p
turbation in electron gyration. Introducing the gyrophase
Q5*0

tVdt81w, whereV is the energy-dependent electro
cyclotron frequency, and components of electron momen
as px5p' sinQ, py5p' cosQ, pz , one can derive from
Eq. ~2! the following equations for perturbations inp' , w,
andpz @14–16#

dp'8

dz8
5Fu , p'8

dw

dz8
52Fr ,

dpz8

dz8
5Fz . ~A1!

Here, the normalized Lorentz force,FW , acting on electrons is
given by the right-hand side of Eq.~2!. If we representp'8 ,
w, and pz8 as p'8 5p'(0)8 1 p̃' , w5w (0)1w̃, and pz85pz(0)8
1pz8 ~also,g5g (0)1g̃!, where the subscript ‘‘~0!’’ denotes
the motion in the absence of the backward wave but in
presence of the forward one!, then for perturbations cause
by the backward wave we get from Eq.~A1!

dp̃'

dz8
5F2,u , p'~0!8

dw̃

dz8
52F2,r ,

dp̃z

dz8
5F2,z . ~A2!

Here, the index ‘‘2’’ refers to the backward wave. In th
reference frame whose center coincides with an elec
guiding center, the Lorentz force is a periodic function of t
cyclic polar coordinateQ. Therefore, this force can be ex
panded as a sum of angular harmonics, among which, u
the cyclotron resonance condition, only one is slowly va
able with respect to the wave. So, after averaging over
f-

as
r
n-
ic
e
nd
rd

al

n
-
rs

e

of
r-
s

m

e

n

er
-
st

gyrations one can derive for the components ofFW 2 the fol-
lowing equations~cf. Refs.@15,16#!:

F2,u5p'0

~12u!~s221!/2

12bu
Re$F2e2 i ~u2~0!2w2!%, ~A3!

F2,r5p'0

~12u!~s221!/2

12bu
Re$ iF 2e2 i ~u2~0!2w2!%, ~A4!

F2,z52
h2g0b'0

2

11h2bz0

~12u!s2/2

12bu
Re$F2e2 i ~u2~0!2w2!%,

~A5!

Note that, since we assume that the amplitude of the ba
ward wave is much smaller than the amplitude of the f
ward waves, Eqs.~A3!–~A5! do not contain perturbations in
electron motion caused by the backward wave. This me
thatu is determined by Eq.~3! and the slowly variable phas
of the resonant harmonic of electron gyrations with resp
to the phase of the backward wave,

u25s2Q2~v2t1k2,zz!,

is represented asu2(0)1 ũ and in the right-hand side of Eqs
~A3!–~A5! the perturbationũ is ignored. The phaseū2
5u2(0)2w2 , which is present in Eqs.~A3!–~A5!, can be
expressed viau determined by Eq.~4! as

ū25
s2

s1
u1

s1m22s2m1

s1
c1

s2v12s1v2

s1
t, ~A6!

wherec is the azimuthal coordinate of the electron guidi
center.

In accordance with Eq.~A6!, one can derive for the phas
ū2 an equation similar to Eq.~4! for u:

dū2

dz8
5

1

12bu
$m2u2D21s2~12u!~s1/2!21 Im~F1e2 iu!%,

~A7!

where

m25
s2b'0

2 ~11h1h2!

2bz0~11h2bz0!~12h1bz0!
,

and

D25s2

11h2bz02s2V0 /v2

bz0~11h2bz0!

is the normalized cyclotron resonance mismatch for
backward wave. Note that the presence of both axial w
numbers in the parameterm2 reflects the fact that we con
sider the changes in the gyrophase, which are caused b
forward wave, with respect to the phase of the backw
wave. As follows from Eq.~A6!, the boundary condition for
ū2 can be written as
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ū2~0!5
s2

s1
u~0!1c̄,

where c̄5
s1m22s2m1

s1
c1

s2v12s1v2

s1
t0 .

~A8!

The normalized backward wave amplitudeF2 in Eqs.
~A3!–~A5! is equal to

11h2bz0

k2g0b'0bz0
F 1

~s221! !2s2 S s2k2b'0

11h2bz0
D s221G eA2

m0cV0
uL2u.

~A9!

Here, h2 and k2 are, respectively, the axial and transver
backward wave numbers normalized tov2 /c; the value of
h2 is positive, thus 11h2bz0's2V0 /v2 corresponds to the
Doppler frequency down shifted operation in the backw
wave. Note that, as follows from the equation forp̃z given in
Eq. ~A2! and the equation for perturbations in electron n
malized energyg̃, which can be easily derived, these pertu
bations are related as

p̃z52h2g̃. ~A10!

Equation~A10! corresponds to the autoresonance integral
the case of electron interaction with the backward wave@15#,
pzc1h2E5const, which shows that an electron radiati
backward waves increases its axial momentum while los
the orbital one.

Using Eq.~A10! and the general relation between the n
malized electron energy and momentum,g2511pz8

21p'8
2,

one can readily express perturbations inp̃'(p'8 5p'(0)8
1 p̃') via g̃:

p̃'5
1

b'0A12u
F11h2bz02~11h1h2!

g02g~0!

g0
G g̃.

~A11!

When the changes in electron energy are small,ug02g (0)u
!g0 , Eq. ~A11! reduces to

p̃'5
11h2bz0

b'0A12u
g̃. ~A12!

Introducing normalized perturbationsp̂'5 p̃' /p'0 ,
p̂z5 p̃z /pz0 , one can derive forp̂ from Eqs.~A2! and ~A3!

dp̂'

dz8
5

~12u!~s221!/2

12bu
Re~F2e2 i ū2!, ~A13!

and expressp̂z via p̂' as

p̂z522b2A12up̂' . ~A14!

Hereb25h2b'0
2 /2bz0(11h2bz0) is the recoil parameter fo

the backward wave.
The equation for the perturbation in the phaseu2 ~denoted

as ũ! follows from Eqs.~A2!, ~A4!, and~A7! and yields
d

-
-

r

g

-

dũ

dz8
5

1

12bu H 2F s2~12h2
2!

bz0~11h2bz0!
2

h2

bz0~12bu!

3~D22m2u!G g̃1s2~12u!~s2/2!21 Im~F2e2 i ū2!J .

~A15!

Equations~A11!–~A15! describe perturbations in the ele
tron motion due to the field of a small amplitude backwa
wave. The equation describing the excitation of this wa
can be derived from Maxwell’s equations by using t
method described elsewhere@4,14,15#, which yields

dF2

dz8
5I 2

1

2p E
0

2p ~12u!s2/2

12bu
ei ū2

3F p̂'

A12u
2

p̂z

12bu
1

s221

2

ũ

12u
1 i ũGdu0dū20.

~A16!

Here the perturbation inu (ũ) relates to the perturbation ing
(g̃) present in Eqs. ~A11! and ~A12! as ũ52(1
2hbz0)g̃/b'0

2 g0 ; the averaging overū20, which, as follows
from Eq. ~A8!, is identical to the averaging overc̄, corre-
sponds either to the averaging over the azimuthal distribu
of electron guiding centers when azimuthal indices of
forward and backward waves obey the condition

s1m2Þs2m1 , ~A17!

or to averaging over the period of beatingu2ps2 /(s2v1
2s1v2)u if the condition~A17! is not fulfilled. The normal-
ized current parameterI 2 for the backward wave has th
same form asI 1 for the forward wave given by Eq.~10!
~after corresponding changes ins, h, k, andG!.

Since Eqs.~A12!–~A16! are linearized with respect to
perturbations caused by the backward wave, one can in
duce, as was done in Ref.@9#, perturbations averaged ove
the phasec̄:

p̄'5
1

2p E
0

2p

p̂'ei c̄dc̄, ~A18a!

p̄z5
1

2p E
0

2p

p̂ze
i c̄dc̄, ~A18b!

ū5
1

2p E
0

2p

ũze
i c̄dc̄, ~A18c!

ū5
1

2p E
0

2p

ũei c̄dc̄. ~A18d!

In these variables, Eqs.~A12!–~A16! yield

dp̄'

dz8
5

~12u!~s221!/2

12bu

1

2
F2e2 iu% 2, ~A19!

p̄z522b2A12up̄' , ~A20!
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ū52
12hbz0

11h2bz0
A12up̄' , ~A21!

dū

dz8
5

1

12bu H 2F s2~12h2
2!

bz0~11h2bz0!
2

h2

bz0~12bu!

3~D22m2u!G b'0
2

2~12hbz0!
ū2 i

s2

2

3~12u!~s2/2!21F2e2 iu% 2J , ~A22!

dF2

dz8
5I 2

1

2p E
0

2p ~12u!s2/2

12bu
eiu% 2F p̄'

A12u
2

p̄z

12bu

1
s221

2

ū

12u
1 i ūGdu0 . ~A23!

Here, in accordance with Eqs.~A6! and ~A8!, u% 25 ū22c̄.
The phaseu% 2 is determined by the same equation@Eq. ~A7!#
as the phaseū2 . Certainly, the elimination of distribution in
c̄ allows one to significantly shorten the computer time
quired for calculations.

Below, we will consider the excitation of both waves
frequencies close to cutoff whenb, b2→0, and hbz0 ,
h2bz0!1. Then Eqs.~A19!–~A23! are reduced to

dp̄

dz8
5

1

2
~12u!~s221!/2F29e

2 iu% , ~A24!

p̄z50, ū52A12up̄' , ~A25!
ve

J.

,

g
v.

u,

um

in
-

dū

dz8
522m2A12up̄'2 i

s2

2
~12u!s2/2F29e

2 iu% ,

~A26!

dF2

dz8
2 iD2F295I 2

1

2p E
0

2p

~12u!s2/2eiu%

3F s2

A12u
p̄'1 i ūGdu0 , ~A27!

where u% 5u% 22D2z8, F295F2eiD2z8, and m25s2b'0
2 /2bz0 .

This parameterm2 can be eliminated from Eqs.~A24!–~A27!
by introducing

z85
b'0

2

2bz0
z8, F285

2bz0

b'0
2 F2 , I 285S 2bz0

b'0
2 D 2

I 2 ,

which yield

dp̄'

dz8
5

1

2
~12u!~s221!/2F28e

2 iu% , ~A28!

dū

dz8
522s2A12up̄'2 i

s2

2
~12u!~s2/2!21F2e2 iu% ,

~A29!

dF28

dz8
2 iD2F285I 28

1

2p E
0

2p

~12u!s2/2eiu%

3F s2

A12u
p̄'1 i ūGdu0 , ~A30!
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